We calculate the corrections to the amputated Green's functions of 4-fermion operators, in 1-loop Lattice Perturbation theory. The novel aspect of our calculations is that they are carried out to second order in the lattice spacing, O(a 2 ).
Introduction
A number of flavour-changing processes are currently under study in Lattice simulations. Among the most common examples are the decay K → ππ and K 0 -K 0 oscillations. From experimental evidence, we know that these weak processes violate the CP symmetry. In theory, the calculation of the amount of CP violation in K 0 -K 0 oscillations requires the knowledge of B K .
The Kaon B K parameter is obtained from the ∆S = 2 weak matrix element:
where s and d stand for strange and down quarks, andÔ ∆S=2 is the effective 4-quark interaction renormalized operator, corresponding to the bare operator:
The above operator splits into parity-even and parity-odd parts; in standard notation:
VA+AV . Since the above weak process is simulated in the framework of Lattice QCD, where Parity is a symmetry, the parity-odd part gives no contribution to the K 0 -K 0 matrix element. Thus, we conclude that B K can be extracted from the correlator (x 0 > 0, y 0 < 0): where O ∆S=2 VV +AA is the bare operator andÔ ∆S=2 VV +AA is the respective renormalized operator. In place of the operator in Eq. (1.3) it is advantageous to use a four-quark operator with a different flavour content (s, d, s ′ , d ′ ), and with ∆S = ∆s + ∆s ′ = 2, namely [2] :
where now the correlator is given by:
. Making use of Wick's theorem one checks the equality: C KOK ′ (x, y) = C KOK (x, y), which means that both correlators contain the same physical information.
The aforementioned matrix elements are very sensitive to various systematic errors. A major issue facing Lattice Gauge Theory, since its early days, has been the reduction of effects induced by the finiteness of lattice spacing a, in order to better approach the elusive continuum limit.
In order to obtain reliable non-perturbative estimates of physical quantities (i.e. improving the accuracy of B K ) it is essential to keep under control the O(a) systematic errors in simulations or, additionally, reduce the lattice artifacts in numerical results. Such a reduction, regarding renormalization functions, can be achieved by subtracting appropriately the O(a 2 ) perturbative correction terms presented in this paper, from respective non-perturbative results.
In this paper we calculate the amputated Green's functions and the renormalization matrices of the complete basis of 20 four-fermion operators of dimension six which do not need power subtractions (i.e. mixing occurs only with other operators of equal dimensions). The calculations are carried out up to 1-loop in Lattice Perturbation theory and up to O(a 2 ) in lattice spacing. Our results are immediately applicable to other ∆F = 2 processes of great phenomenological interest, such as D −D or B −B mixing. Let us also mention that in generic new physics models (i.e. beyond the standard model), the complete basis of 4-fermion operators contributes to neutral meson mixing amplitudes; this is the case for instance of SUSY models (see e.g. [3] ).
Amputated Green's functions of 4-fermion ∆S
In this work we evaluate, up to O(a 2 ), the 1-loop matrix element of the 4-fermion operators 1 : 
Our calculations are performed using massless fermions described by the Wilson/clover action. By taking m f = 0, our results are identical also for the twisted mass action and the OsterwalderSeiler action in the chiral limit (in the so called twisted mass basis). For gluons we employ a 3-parameter family of Symanzik improved actions, which comprises all common gluon actions (Plaquette, tree-level Symanzik, Iwasaki, DBW2, Lüscher-Weisz). Conventions and notations for the actions used, as well as algebraic manipulations involving the evaluation of 1-loop Feynman diagrams (up to O(a 2 )), are described in detail in Ref. [4] .
To establish notation and normalization, let us first write the tree-level expression for the amputated Green's functions of the operators O XY and O F XY : The only diagrams that need to be calculated from first principles are d 1 , d 2 and d 3 , while the rest can be expressed in terms of the first three. In particular, the expressions for the amputated Green's functions
can be obtained via the following relations:
Once we have constructed
we can use relation: to derive the expressions for
. From the amputated Green's functions for all twelve diagrams we can write down the total 1-loop expressions for the operators O XY and O F XY : 
Concerning the external momenta p i (shown explicitly in Fig. 1 ) we have chosen to evaluate the amputated Green's functions at the renormalization point: The crucial point of our calculation is the correct extraction of the full O(a 2 ) dependence from loop integrands with strong IR divergences (convergent only beyond 6 dimensions). The singularities are isolated using the procedure explained in Ref. [4] . In order to reduce the number of strong IR divergent integrals, appearing in diagram d 1 , we have inserted the identity below into selected 3-point functions: 2 ) and k (p) is the loop (external) momentum. The common factor in Eq. (2.13) can be treated by Taylor expansion. For our calculations it was necessary only to O(a 0 ):
Here we present one of the four integrals with strong IR divergences that enter in this calculation: 
The results for the other three integrals can be found in Ref. [4] . Integrands with simple IR divergences (convergent beyond 4 dimensions) can be handled by well-known techniques. Due to lack of space we present only the results for Λ XY d 1 and for the special choices: c SW = 0, λ = 0 (Landau Gauge), r s = r d = r s ′ = r d ′ = 1, and tree-level Symanzik action:
where: (2.16) and: 
Mixing and Renormalization of O XY and O F XY on the lattice.
The matrix element K 0 |O ∆S=2 VV +AA |K 0 is very sensitive to various systematic errors. The main roots of this problem are: a) O(a) systematic errors due to numerical integration, b) the operator O ∆S=2
VV +AA mixes with other 4-fermion ∆S = 2 operators of dimension six. Mixing with operators of lower dimensionality is impossible because there is no candidate ∆S = 2 operator.
In order to address these problems we have calculated the mixing pattern (renormalization matrices) of the Parity Conserving and Parity Violating 4-fermion ∆S = 2 operators (defined below), by using the amputated Green's functions obtained in the previous section. A more extensive theoretical background and non-perturbative results, concerning renormalization matrices of 4-fermion operators, can be found in Ref. [5] (see also [2, 6, 7] ). Next we summarize all important relations from Ref. [5] needed for the present calculation.
One can construct a complete basis of 20 independent operators which have the symmetries of the generic QCD Wilson lattice action (Parity P, Charge conjugation C, Flavour exchange sym-
, with 4 degenerate quarks. This basis can be decomposed into smaller independent bases according to the discrete symmetries P, S, CPS ′ , CPS ′′ . Following the notation of Ref. [5] we have 10 Parity Conserving operators, Q, (P=+ 1, S= ± 1) and 10 Parity Violating operators, Q, (P= − 1, S= ± 1):
Summation over all independent Lorentz indices (if any), of the Dirac matrices, is implied. The operators shown above are grouped together according to their mixing pattern. This implies that the renormalization matrices Z S=±1 (Z S=±1 ), for the Parity Conserving (Violating) operators, have the form:
Now the renormalized Parity Conserving (Violating) operators,Q S=±1 (Q S=±1 ), are defined via the equations:
where l, m = 1, . . . , 5 (a sum over m is implied). The renormalized amputated Green's functionŝ
where Z Ψ is the quark field renormalization constant. In order to calculate the renormalization matrices Z S=±1 (Z S=±1 ), we make use of the appropriate Parity Conserving (Violating) Projectors P S=±1 (P S=±1 ): By inserting Eqs. (3.3) in the above relations, we obtain the renormalization matrices Z S=±1 , Z S=±1 in terms of known quantities: 
